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This talk is based on a joint work with Indranil Biswas, Krishna
Hanumanthu and Nabanita Ray.
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Throughout this talk, we consider projective varieties X over C. Let L

be a line bundle on X and sp, sy, - - , sy be a C-basis for H(X, L).

Then we have the rational map

o X ——————=PN
defined as
x> [so(x) rs1(x) -+ o sp(x)]

The map is not defined precisely on base locus

Bs(L) :=Z(sp) N ---N Z(sn).

@ The line bundle L is called base-point free or globally generated

if Bs(L) = ¢. In addition, if ¢, defines a closed embedding
@i : X = PN, then L is called very ample .

@ A line bundle L is called ample if some positive integral multiple

L®™ of it is very ample.
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NEF AND AMPLE VECTOR BUNDLES

DEFINITION (NEF LINE BUNDLE)

A line bundle L on a projective variety X is called nef if
L- C =deg(L|c) > 0 for every irreducible curve C C X.
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NEF DIVISOR CLASS WITH REAL COEFFICIENTS

e An R-divisor D = ) a;D; € Div(X)r := Div(X) ® R is called
numerically trivial, Idenoted by D =0 if

D-C=> aj(Di-C)=0.
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e An R-divisor D = ) a;D; € Div(X)r := Div(X) ® R is called
numerically trivial, Idenoted by D =0 if

D-C=> aj(Di-C)=0.

e The quotient Div(X)gr/ = is called the real Néron Severi group,
denoted by N*(X)g.

e An R-divisor D =} a;D; € Div(X)r := Div(X) ®z R on X is called
nef if l
D-C:Ea,-(D,--C)ZO
for all irreducible curve C C X.

o The intersection product being independent of numerical
equivalence class, one can talk about nef classes in N1(X)g.
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NUMERICAL CRITERION FOR AMPLENESS

Nakai-Moishezon-Kleiman criterion

A line bundle L on a projective variety X is ample if and only if
L4mV . v > 0 for every positive-dimensional irreducible closed
subvariety V C X (including the irreducible components of X).
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Nakai-Moishezon-Kleiman criterion

A line bundle L on a projective variety X is ample if and only if
L4mV . v > 0 for every positive-dimensional irreducible closed
subvariety V C X (including the irreducible components of X).

v

Seshadri’s criterion

A line bundle L on a projective variety X is ample if and only if there
exists a positive number € > 0 such that

(L-C) S .
mult, C —

for every point x € X and every irreducible curve C C X passing
through x. Here L - C is the intersection product of the line bundle L
with the curve C. )
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SESHADRI CONSTANTS FOR LINE BUNDLES

Let X be a complex projective variety, and let L be a nef line bundle on
X.

DEFINITION (DEMAILLY)

For a point x € X, the Seshadri constant of L at x, denoted by
e(X, L, x), is defined to be

. L-C
H0G L o= ;gfc{multh }’

where the infimum is taken over all irreducible and reduced curves
C C X passing through x with multiplicity mult, C.

Alternatively, we can define Seshadri constants as follows. Let
m:BLX=X — X
be the blow up of X at x, and let E denote the exceptional divisor.
e(X, L,x) = sup {A > 0| 7*(L) — AE is nef}.
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SESHADRI CONSTANTS FOR VECTOR BUNDLES

We consider a nef vector bundle E on a projective variety X and
x € X. Let us consider the following pullback diagram under the blow
up map py : Bly(X) — X

P(E) xx X« = P(p3(E)) —2— P(E)

- !

Bl, X Px X

Let é} be the numerical equivalence class of the tautological bundle

Op(p:)(1), and Ex := px (Fx), where F is the class of the fibre of the
map 7 over the point x.

DEFINITION (HACON)

The Seshadri constant of E at x € X is defined as

e(X,E, x) = sup{)\ €R-o | EX — A\E is nef}.
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PARABOLIC VECTOR BUNDLES

@ Let X be a connected smooth complex projective variety of
dimension d, and let D C X be an effective divisor on X.
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@ Let X be a connected smooth complex projective variety of
dimension d, and let D C X be an effective divisor on X.

e Let E be a torsion-free coherent Ox-module. A quasi-parabolic
structure on E with respect to D is a filtration by Ox-coherent
subsheaves

E= .7:1(E) D) FQ(E) DD f/(E) D) f/+1(E) = E(—D),
where E(—D) := E ®p, Ox(—D). The above integer / is called the
length of the filtration.

e A parabolic structure on E with respect to D is a quasi-parabolic
structure as above together with a system of weights
{a1, ag, - -+, ay}, where each «; is a real number such that
0<ar <ap < -+ < a1 < a < 1. The numbers {oz,-}f:1 are
called parabolic weights and we say that «; is attached to F;(E).
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PARABOLIC VECTOR BUNDLES

e A parabolic vector bundle with parabolic divisor D is a vector
bundle E with a parabolic structure with respect to D.

e For any parabolic vector bundle E, defined as above, and for any
t € R, define the following filtration {E;}+cr of coherent sheaves
parametrized by R:

E. = Fi(E)(-[t]D),
where [t] is the integral part of t and aj_1 < t — [t] < «; with

ap = a;— 1 and ajy; = 1. The filtration {E;};er evidently
determines the parabolic structure (E s Fus a*) uniquely.
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PARABOLIC VECTOR BUNDLES

Consider the decomposition

n

D = anDj’ (1)
j=1
where every D; is a reduced irreducible divisor, and n; > 1. Let

15-:nij—>X

denote the inclusion map of the subscheme n;D;. For each 1 < j < n,
choose a filtration

O=F,,CFRCF_ ,C- CH=fE. (2)
Fix real numbers 0/,'(, 1 < k < [} +1, such that

l=o >a > ;> >0 >0 >0
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PARABOLIC VECTOR BUNDLES

For every 1 < j < nand 1 < k < [; + 1, define the coherent subsheaf

fjl- C E using the following short exact sequences:
0 — F, — E — (FE)/F — 0. (3)

Forl <j<nand0 <t <1,let /{ be the smallest number in the set
of integers

{kef{1,2,---,+1} | o > t}.
Finally, set
E = () F, m(( [1)D) < E((t—[t])D). (4)
j=1

The filtration {E;}ter in (4) defines a parabolic structure on E. It is
straightforward to check that all parabolic structures on E, with D as
the parabolic divisor, arise this way.

12/28



PARABOLIC VECTOR BUNDLES WITH RATIONAL
COEFFICIENTS

Henceforth we will always impose the following four conditions on the

parabolic bundles E,, with parabolic divisor D, that we will consider:
n

@ The parabolic divisor D = ) n;D; is a normal crossing divisor,
i=1

i.e., all nj = 1 and D; are smooth divisors and they intersect
transversally.
@ Foreach 1l < j < n, choose a filtration
0=F, CFCF_,c-CFH=FfE. (5)
All FJ’ on D; in are subbundles of £*E for every i.
@ All the weights aj’: are rational numbers; so aJ’: = mj’:/N7 where N
is some fixed integer and mj’: € {0,1,---, N-1}.

@ Every point x of D has a neighborhood U, C X, and a
decomposition of £ ’ y. nto a direct sum of line bundles, such that

the filtration of all E ‘ vonpe T < i < n, are constructed using the

decomposition.
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ASSOCIATED ORBIFOLD BUNDLES

Let ¢p : I — Aut(Y) be a finite group I acting on Y. An orbifold
bundle on Y, with I' as the orbifold group , is a vector bundle V on Y
together with a lift of the action of [ on Y to V, i.e. I acts on the total
space of V such that the action of any g € I gives a vector bundle
isomorphism between V and (g ~1)*V.

THEOREM (BISWAS)

Let E, be a parabolic bundle on X. Then using the Galois cover
y:Y — X

with Galois group I', we can construct an orbifold bundle E’ on Y such
that the parabolic bundle E, is recovered from it by taking -invariants
of the direct image of the twists of E’ using the irreducible components
of D.

v
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PARABOLIC AMPLENESS

DEFINITION (BISWAS)

A parabolic bundle E, is parabolic ample (respectively, nef) if and only
if the corresponding orbifold bundle E’ is ample (respectively, nef) as a
vector bundle (in the sense of Hartshorne).
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PARABOLIC BUNDLES AS RAMIFIED BUNDLES

Let X be a smooth complex projective variety, and let D be a normal

crossing divisor on X. A ramified principal GL(n, C)-bundle over X
with ramification over D

¢ Eqrnc) — X

is a smooth complex quasiprojective variety equipped with an algebraic
right action of GL(n, C)

f 1 Egr(nc) X GL(n,C) — Eqr(nc)

satisfying the following five conditions:
@ pof = ¢op;, where p; is the natural projection of
Ear(nc) X GL(n,C) to Eqr(nc);
e for each point x € X, the action of GL(n,C) on the reduced fiber
¢"1(X)red is transitive,

e the restriction of ¢ to ¢~1(X — D) a principal GL(n, C)-bundle
over X — D,
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PARABOLIC BUNDLES AS RAMIFIED BUNDLES

o for each irreducible component D; C D, the reduced inverse image
¢~ Y(D;)req is a smooth divisor and

!
5 = Z Qsil(Di)red
i=1

is a normal crossing divisor on Egy(,,c), and

e for any point x € D, and any point z € ¢~ 1(x), the isotropy
subgroup G; C GL(n,C), for the action of GL(n,C) on Eg ), is
a finite group, and if x is a smooth point of D, then the natural
action of G, on the quotient line TZEGL(,LC)/Tqu_l(D)red is
faithful.
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PARABOLIC BUNDLES AS RAMIFIED BUNDLES

THEOREM (BALAJI, BISWAS AND NAGARAJ)

There is a natural bijective correspondence between the complex vector
bundles of rank n on X and the principal GL(n, C)-bundles on X. This
bijection sends a principal GL(n, C)-bundle F to the vector bundle

F xGLnC) € associated to F for the standard action of GL(n,C) on
C". This correspondence extends to a bijective correspondence between
the ramified principal GL(n, C)-bundles with ramification over D and
parabolic vector bundles of rank n with D as the parabolic divisor
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PROJECTIVIZATION OF PARABOLIC BUNDLES

REsuLT (Biswas, LAyTIMI)

Let E, be a parabolic vector bundle over X of rank n. Let
¢ : Egrinc) — X

be the corresponding ramified principal GL(n, C)-bundle with
ramification divisor D. Consider the standard action of GL(n,C) on
C"; it induces an action of GL(n, C) on the projective space P"~1. The
projectivization of E,, denoted by P(E,), is defined to be the associated
(ramified) fiber bundle

P(E.) := Ering)(P™™?) = Egring) XSO P! — X,

19/28



Take any point x € D and any z € ¢~!(x). Let ny be the order of the
finite group G,. The number of distinct integers ny as x varies over D
is finite. Let

N(E.) = Lem.{nc | x € D} (6)

Consider the action of GL(n, C) on the total space of Ops—1(N(E,))
constructed using the standard action of GL(n,C) on C". Let

Ecr(nc)(Opn1 (N(E))) = Egrine) XU Opai (N(E)) — X

be the associated fiber bundle. As the natural projection
Opn-1(N(E,)) — P! intertwines the actions of GL(n, C) on
Opn—1 (N(E*)) and P"~1 it produces a projection

Op(e)(1) == Egr(ngc) (Op-1(N(E)))) — Ecrne) (P™1) = P(E*)t )
7
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PARABOLIC SESHADRI CONSTANTS
Let E, be a parabolic nef vector bundle on a smooth projective variety
X. We fix a point x € X and and let

Uyt Bly(X) — X

be the blow up of X at x with exceptional divisor E, = 1 1(x).
Consider the following fiber product diagram:

Bl,1( (P(E.)) = P(E.) xx Blx(X) e, B(E)

I Jﬂ

Bl (X) v X

The parabolic Seshadri constant of E, at a point x € X, denoted by
e«(Ex, x), is defined to be

en(Ev, ) == sup {)\ € Roo | 0x (€) — NF"Ex is nef}
where £ = Op(g,)(1).
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ALTERNATIVE CHARACTERIZATION

Let E, be a parabolic nef vector bundle on a smooth complex
projective variety X, and let x € X be a point of X.

p:P(E) — X

be the projectiviazation map. Let C, x be the set of all integral curves
C C P(E.) that intersect the fiber p~!(x) while not being contained in

p~(x). Then
. §-C
ex(Es, x) = Clencf,,x{multx p«CJ -~
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ANOTHER ALTERNATIVE CHARACTERIZATION

Let E/ — Y be the corresponding orbifold bundle over Y of a
parabolic nef vector bundle E, on X, where v : Y — X is a covering

with Galois group ' = Gal(y). Consider the following fiber product
diagram:

P(E") xy Bl o1y Y —2 B(E') —L—s P(E,) = P(E')/T

S

Px Y
Bl, 10 Y , Y » X =Y.

Let E,-1(x) be the exceptional divisor of the map ¢, and Open(1) = £

eu(E, x) = N(E*)-sup{)\ € Rog | o (€) = AF(E,m1(n) i nef}

_ . ; g-C
= N(E*) CGC_Irn,Yf_1(X) { ST mult, 72 C } .
’ y

ev—1(x)
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SESHADRI’S CRITERION FOR PARABOLIC AMPLENESS

e E, be a parabolic nef vector bundle on a smooth irreducible
projective variety X. Then E, is parabolic ample if and only if

f * E*, ’
Xlgxe (Es, x) >0

where the infimum is taken over all points of X.

o Let E, be a parabolic nef vector bundle on X, and x € X a point.
Then

eEx) < ( N(E)Hmm(WIgrdm W . [W] )dml<w>

(B X) S im dim W__ )
(dicrinT(MV/V)) (3 T [W, 1))

as W ranges through the subvarieties of P(E’) that meet

771(y71(x)) without being contained in 7=1(y~1(x)).

In the above inequality, W, 1., := 7~ Yo=Y x)Nw.
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PARABOLI SESHADRI CONSTANTS OF PARABOLIC NEF
VECTOR BUNDLES ON SMOOTH CURVES
For a parabolic vector bundle E,, we define "% (E.) to be the

min
parabolic slope of the minimal parabolic semistable subquotient of E,.
Note that if E’ is the orbifold bundle on Y corresponding to E, for the

Galois morphism v : Y — X then we have
pmin(E") = |Gal(9)] - gt (Ex)-

THEOREM

Let E, be a parabolic ample vector bundle over a smooth irreducible
projective curve C with parabolic divisor D. Then for any point
x € C, the parabolic Seshadri constant satisfies the following;:

e«(E, x) = N(E.) - pP% (E.) when x ¢ D, and
e«(Ex, x) > N(E) - pP% (E.) when x € D.

r;\:ﬁi*)) for every point x € C.

In particular, e,(Ex, x)

Vv
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COMPUTING SESHADRI CONSTANTS BY RESTRICTING
TO CURVES

THREOREM

Let E, be a parabolic nef vector bundle on a smooth irreducible
complex projective variety X, and let E/ — Y be the corresponding
orbifold bundle over Y. Then

nf ,LLmin(V*E/)
cy > mult, C [’
yeyi(x)

eEey x) = NE)-

where the infimum is taken over all irreducible curves C C Y such
that C 7y %(x) # 0, and v : C — C is the normalization map.
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PARABOLIC SESHADRI CONSTANTS FOR TENSOR
PRODUCT AND SYMMETRIC POWER

Let E, and F, be two parabolic nef vector bundles on a smooth

irreducible complex projective variety X having a common parabolic
divisor D C X.

THEOREM:

e For any positive integer m and for every point x € X, we have
e«(SM(EL), x) = mey(E, x)

e For every point x € X

N(E.) N(F.)

ex(Ex ® Fy, x) = N(E,® F) - {6*(E*, x) n ex(Fx, X)} '

27 /28



Thank You!



